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Large language models

The language models predict the next word based on previous words.

Transformer/RNN

Large language 
models (LLMs)

Applications in translation, Q&A, summarization...
and beyond!
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The rise of large language models

LLM benchmarking shows capabilities doubling every 7 months.

https://spectrum.ieee.org/large-language-model-performance
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The thinking machine
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Transformers as the backbone architecture
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Chain-of-thought (CoT)

LLMs solve harder questions by reasoning step-by-step: generate
intermediate reasoning steps before inferring an answer.∗

A: The cafeteria had 23 apples originally. They used 
20 to make lunch. So they had 23 - 20 = 3. They 
bought 6 more apples, so they have 3 + 6 = 9. The 
answer is 9.

Chain-of-Thought Prompting

Q: Roger has 5 tennis balls. He buys 2 more cans of 
tennis balls. Each can has 3 tennis balls. How many 
tennis balls does he have now?


A: The answer is 11.


Q: The cafeteria had 23 apples. If they used 20 to 
make lunch and bought 6 more, how many apples 
do they have?

A: The answer is 27.

Standard Prompting

Q: Roger has 5 tennis balls. He buys 2 more cans of 
tennis balls. Each can has 3 tennis balls. How many 
tennis balls does he have now?


A: Roger started with 5 balls. 2 cans of 3 tennis balls 
each is 6 tennis balls. 5 + 6 = 11. The answer is 11.


Q: The cafeteria had 23 apples. If they used 20 to 
make lunch and bought 6 more, how many apples 
do they have?

Model Input

Model Output Model Output

Model Input

<Question→Answer> <Question→Rationale→Answer>

∗Chain-of-Thought Prompting Elicits Reasoning in Large Language Models.
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Reasoning models and test-time scaling

Reasoning models: OpenAI released o1 in 2024, which was trained via
reinforcement learning.

(Figure credit: o1)

Test-time scaling: reasoning performance improves with more test-time
compute (e.g., thinking longer).
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This tutorial

Demystifying Chain-of-Thought Reasoning in Transformers:
From Theory to Practice

Part 1: Theory Part 2: Practice

● Expressivity

● Optimization and training
dynamics

● Generalization

● Practical training algorithms

● Efficient inference with
test-time scaling

● Parallel scaling
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Part 1: Mathematical theory of CoT

Expressivity:

● What are the provable advantage of CoT/test-time scaling in
reasoning?

Optimization:

● How do trained transformers acquire such CoT capabilities?

● What is the difference between SFT and RL?

Generalization:

● How do the trained transformers generalize to unseen tasks?

9



Primer: Transformer architectures



Decoder-only transformers

Sequence-to-sequence:

transformer

<latexit sha1_base64="gpkSr1jU2RT4WnyBYg7g+vMaJwM=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBHqpeyKVE9SEMFjBfsB7VqyabYNm80uSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZ5yeCa+M432hldW19Y7OwVdze2d3bLx0ctnScKsqaNBax6vhEM8ElaxpuBOskipHIF6zthzdTv/3ElOaxfDDjhHkRGUoecEqMldq3j1klPJv0S2Wn6syAl4mbkzLkaPRLX71BTNOISUMF0brrOonxMqIMp4JNir1Us4TQkAxZ11JJIqa9bHbuBJ9aZYCDWNmSBs/U3xMZibQeR77tjIgZ6UVvKv7ndVMTXHkZl0lqmKTzRUEqsInx9Hc84IpRI8aWEKq4vRXTEVGEGptQ0YbgLr68TFrnVbdWrd1flOvXeRwFOIYTqIALl1CHO2hAEyiE8Ayv8IYS9ILe0ce8dQXlM0fwB+jzB6Mcjx4=</latexit>

E(k)
<latexit sha1_base64="JZueZ3r6+mm0zoN8f2sA3SoUqSc=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSK0l7IrUj1JQQSPFewHtmvJptk2NJssSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6387K6tr6xmZuK7+9s7u3Xzg4bGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qiSjMp7s04pn6EB4KFjGBjpYewdPOYlkblSblXKLoVdwa0TLyMFCFDvVf46vYlSSIqDOFY647nxsZPsTKMcDrJdxNNY0xGeEA7lgocUe2ns4sn6NQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx46adMxImhgswXhQlHRqLp+6jPFCWGjy3BRDF7KyJDrDAxNqS8DcFbfHmZNM8qXrVSvTsv1q6yOHJwDCdQAg8uoAa3UIcGEBDwDK/w5mjnxXl3PuatK042cwR/4Hz+AC6Zj/M=</latexit>

f(E(k))
<latexit sha1_base64="PCIzKtSYszSS98+2IHOERRYtSBo=">AAAB73icbVBNSwMxEM3Wr1q/qh69BItQL2VXpHqSghePFewHtEvJZrNtaDZZk1mhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXpAIbsB1v53C2vrG5lZxu7Szu7d/UD48ahuVaspaVAmluwExTHDJWsBBsG6iGYkDwTrB+Hbmd56YNlzJB5gkzI/JUPKIUwJW6kbVPg0VnA/KFbfmzoFXiZeTCsrRHJS/+qGiacwkUEGM6XluAn5GNHAq2LTUTw1LCB2TIetZKknMjJ/N753iM6uEOFLalgQ8V39PZCQ2ZhIHtjMmMDLL3kz8z+ulEF37GZdJCkzSxaIoFRgUnj2PQ64ZBTGxhFDN7a2YjogmFGxEJRuCt/zyKmlf1Lx6rX5/WWnc5HEU0Qk6RVXkoSvUQHeoiVqIIoGe0St6cx6dF+fd+Vi0Fpx85hj9gfP5A2Vsj44=</latexit>

f(·)

token

fe
at
ur
e

Transformer block = MLP ○ attention

MLP

<latexit sha1_base64="MBTobVzH2QeH8+RcoZxtIYSJwpg=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KolIdVl047KCrYU2lMl00g6dR5i5KZbQP3HjQhG3/ok7/8ZpmoW2Hhg4nHMv98yJEs4M+P63U1pb39jcKm9Xdnb39g/cw6O2UakmtEUUV7oTYUM5k7QFDDjtJJpiEXH6GI1v5/7jhGrDlHyAaUJDgYeSxYxgsFLfdXsCw8jEmVExCPw067tVv+bn8FZJUJAqKtDsu1+9gSKpoBIIx8Z0Az+BMMMaGOF0VumlhiaYjPGQdi2VWFATZnnymXdmlYEXK22fBC9Xf29kWBgzFZGdzHMue3PxP6+bQnwdZkwmKVBJFofilHugvHkN3oBpSoBPLcFEM5vVIyOsMQFbVsWWECx/eZW0L2pBvVa/v6w2boo6yugEnaJzFKAr1EB3qIlaiKAJekav6M3JnBfn3flYjJacYucY/YHz+QNpvZQv</latexit>

softmax

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

<latexit sha1_base64="UxB0lixjxL6nSQkpJsOJZ5S74vA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL4KXCOYByRpmJ5NkyOzOOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGkYlmvE6U1LpVkANlyLidRQoeSvWnIaB5M1gdD31m09cG6GiexzH3A/pIBJ9wShaqXX7kHZQxZNuseSW3RnIMvEyUoIMtW7xq9NTLAl5hExSY9qeG6OfUo2CST4pdBLDY8pGdMDblkY05MZPZ/dOyIlVeqSvtK0IyUz9PZHS0JhxGNjOkOLQLHpT8T+vnWD/0k9FFCfIIzZf1E8kQUWmz5Oe0JyhHFtCmRb2VsKGVFOGNqKCDcFbfHmZNM7KXqVcuTsvVa+yOPJwBMdwCh5cQBVuoAZ1YCDhGV7hzXl0Xpx352PemnOymUP4A+fzB0atkCU=</latexit>

K→

<latexit sha1_base64="zjUXVl/K3ZplwI0fuxgnAJi34II=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWw223bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oERfMIpWanfNWGMWTnvlilt15yCrxMtJBXI0euWvbhizNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVVC0o+1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJsX/tZ0IlKXLFFov6qSQYk9nzJBSaM5QTSyjTwt5K2JBqytBGVLIheMsvr5LWRdWrVWv3l5X6TR5HEU7gFM7Bgyuowx00oAkMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8Ak5yQVw==</latexit>→
d

<latexit sha1_base64="FC06GaTf0KYgTE/NlLBYB5Rd37E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtkOM5Q==</latexit>

V <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

Attention

feature token
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Decoder-only transformers

Sequence-to-sequence:

transformer

<latexit sha1_base64="gpkSr1jU2RT4WnyBYg7g+vMaJwM=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBHqpeyKVE9SEMFjBfsB7VqyabYNm80uSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZ5yeCa+M432hldW19Y7OwVdze2d3bLx0ctnScKsqaNBax6vhEM8ElaxpuBOskipHIF6zthzdTv/3ElOaxfDDjhHkRGUoecEqMldq3j1klPJv0S2Wn6syAl4mbkzLkaPRLX71BTNOISUMF0brrOonxMqIMp4JNir1Us4TQkAxZ11JJIqa9bHbuBJ9aZYCDWNmSBs/U3xMZibQeR77tjIgZ6UVvKv7ndVMTXHkZl0lqmKTzRUEqsInx9Hc84IpRI8aWEKq4vRXTEVGEGptQ0YbgLr68TFrnVbdWrd1flOvXeRwFOIYTqIALl1CHO2hAEyiE8Ayv8IYS9ILe0ce8dQXlM0fwB+jzB6Mcjx4=</latexit>

E(k)
<latexit sha1_base64="JZueZ3r6+mm0zoN8f2sA3SoUqSc=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSK0l7IrUj1JQQSPFewHtmvJptk2NJssSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6387K6tr6xmZuK7+9s7u3Xzg4bGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qiSjMp7s04pn6EB4KFjGBjpYewdPOYlkblSblXKLoVdwa0TLyMFCFDvVf46vYlSSIqDOFY647nxsZPsTKMcDrJdxNNY0xGeEA7lgocUe2ns4sn6NQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx46adMxImhgswXhQlHRqLp+6jPFCWGjy3BRDF7KyJDrDAxNqS8DcFbfHmZNM8qXrVSvTsv1q6yOHJwDCdQAg8uoAa3UIcGEBDwDK/w5mjnxXl3PuatK042cwR/4Hz+AC6Zj/M=</latexit>

f(E(k))
<latexit sha1_base64="PCIzKtSYszSS98+2IHOERRYtSBo=">AAAB73icbVBNSwMxEM3Wr1q/qh69BItQL2VXpHqSghePFewHtEvJZrNtaDZZk1mhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXpAIbsB1v53C2vrG5lZxu7Szu7d/UD48ahuVaspaVAmluwExTHDJWsBBsG6iGYkDwTrB+Hbmd56YNlzJB5gkzI/JUPKIUwJW6kbVPg0VnA/KFbfmzoFXiZeTCsrRHJS/+qGiacwkUEGM6XluAn5GNHAq2LTUTw1LCB2TIetZKknMjJ/N753iM6uEOFLalgQ8V39PZCQ2ZhIHtjMmMDLL3kz8z+ulEF37GZdJCkzSxaIoFRgUnj2PQ64ZBTGxhFDN7a2YjogmFGxEJRuCt/zyKmlf1Lx6rX5/WWnc5HEU0Qk6RVXkoSvUQHeoiVqIIoGe0St6cx6dF+fd+Vi0Fpx85hj9gfP5A2Vsj44=</latexit>

f(·)

token

fe
at
ur
e

Autoregressive decoding:

transformer

<latexit sha1_base64="gpkSr1jU2RT4WnyBYg7g+vMaJwM=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBHqpeyKVE9SEMFjBfsB7VqyabYNm80uSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZ5yeCa+M432hldW19Y7OwVdze2d3bLx0ctnScKsqaNBax6vhEM8ElaxpuBOskipHIF6zthzdTv/3ElOaxfDDjhHkRGUoecEqMldq3j1klPJv0S2Wn6syAl4mbkzLkaPRLX71BTNOISUMF0brrOonxMqIMp4JNir1Us4TQkAxZ11JJIqa9bHbuBJ9aZYCDWNmSBs/U3xMZibQeR77tjIgZ6UVvKv7ndVMTXHkZl0lqmKTzRUEqsInx9Hc84IpRI8aWEKq4vRXTEVGEGptQ0YbgLr68TFrnVbdWrd1flOvXeRwFOIYTqIALl1CHO2hAEyiE8Ayv8IYS9ILe0ce8dQXlM0fwB+jzB6Mcjx4=</latexit>

E(k)
<latexit sha1_base64="JZueZ3r6+mm0zoN8f2sA3SoUqSc=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSK0l7IrUj1JQQSPFewHtmvJptk2NJssSVYoS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6387K6tr6xmZuK7+9s7u3Xzg4bGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qiSjMp7s04pn6EB4KFjGBjpYewdPOYlkblSblXKLoVdwa0TLyMFCFDvVf46vYlSSIqDOFY647nxsZPsTKMcDrJdxNNY0xGeEA7lgocUe2ns4sn6NQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx46adMxImhgswXhQlHRqLp+6jPFCWGjy3BRDF7KyJDrDAxNqS8DcFbfHmZNM8qXrVSvTsv1q6yOHJwDCdQAg8uoAa3UIcGEBDwDK/w5mjnxXl3PuatK042cwR/4Hz+AC6Zj/M=</latexit>

f(E(k))
<latexit sha1_base64="PCIzKtSYszSS98+2IHOERRYtSBo=">AAAB73icbVBNSwMxEM3Wr1q/qh69BItQL2VXpHqSghePFewHtEvJZrNtaDZZk1mhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXpAIbsB1v53C2vrG5lZxu7Szu7d/UD48ahuVaspaVAmluwExTHDJWsBBsG6iGYkDwTrB+Hbmd56YNlzJB5gkzI/JUPKIUwJW6kbVPg0VnA/KFbfmzoFXiZeTCsrRHJS/+qGiacwkUEGM6XluAn5GNHAq2LTUTw1LCB2TIetZKknMjJ/N753iM6uEOFLalgQ8V39PZCQ2ZhIHtjMmMDLL3kz8z+ulEF37GZdJCkzSxaIoFRgUnj2PQ64ZBTGxhFDN7a2YjogmFGxEJRuCt/zyKmlf1Lx6rX5/WWnc5HEU0Qk6RVXkoSvUQHeoiVqIIoGe0St6cx6dF+fd+Vi0Fpx85hj9gfP5A2Vsj44=</latexit>

f(·)

token

fe
at

ur
e

last column
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Attention mechanism

Attention: For each query q, it matches against all the key-value pairs
(ki, vi) and compute the value v:

head(q) = ∑αivi, where αi =
exp(q⊺ki/

√
d)

∑u exp(q
⊺ku/
√
d)

.

Keys

Query

ValuesScores

Search Retrieval

Attention searches and retrieves the values of relevant tokens

12



Attention mechanism

Attention: For each query q, it matches against all the key-value pairs
(ki, vi) and compute the value v:

head(q) = ∑αivi, where αi =
exp(q⊺ki/

√
d)

∑u exp(q
⊺ku/
√
d)

.

Keys 𝑘!

Query 𝑞

Values 𝑣!
Scores 
𝛼!

Search Retrieval

High: retrieve more

Low score: ignore it

Attention searches and retrieves the values of relevant tokens

12



Self-attention mechanism

Given a vocabulary V, and input sequence X = (x1, . . . , xn) ∈ V
n.

● compute the query Q = {qi}
n
i=1, key K = {ki}

n
i=1, and value

V = {vi}
n
i=1 using weight matrices WQ,WK ,WV as

qi =WQxi, ki =WKxi, vi =WV xi.

● compute the softmax score for all queries and the output with
output weight W :

hi =W ⋅Head(X), with Head(X) ∶= softmax(
Q⊺K
√
d
) ⋅ V.

<latexit sha1_base64="MBTobVzH2QeH8+RcoZxtIYSJwpg=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KolIdVl047KCrYU2lMl00g6dR5i5KZbQP3HjQhG3/ok7/8ZpmoW2Hhg4nHMv98yJEs4M+P63U1pb39jcKm9Xdnb39g/cw6O2UakmtEUUV7oTYUM5k7QFDDjtJJpiEXH6GI1v5/7jhGrDlHyAaUJDgYeSxYxgsFLfdXsCw8jEmVExCPw067tVv+bn8FZJUJAqKtDsu1+9gSKpoBIIx8Z0Az+BMMMaGOF0VumlhiaYjPGQdi2VWFATZnnymXdmlYEXK22fBC9Xf29kWBgzFZGdzHMue3PxP6+bQnwdZkwmKVBJFofilHugvHkN3oBpSoBPLcFEM5vVIyOsMQFbVsWWECx/eZW0L2pBvVa/v6w2boo6yugEnaJzFKAr1EB3qIlaiKAJekav6M3JnBfn3flYjJacYucY/YHz+QNpvZQv</latexit>

softmax

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

<latexit sha1_base64="UxB0lixjxL6nSQkpJsOJZ5S74vA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL4KXCOYByRpmJ5NkyOzOOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGkYlmvE6U1LpVkANlyLidRQoeSvWnIaB5M1gdD31m09cG6GiexzH3A/pIBJ9wShaqXX7kHZQxZNuseSW3RnIMvEyUoIMtW7xq9NTLAl5hExSY9qeG6OfUo2CST4pdBLDY8pGdMDblkY05MZPZ/dOyIlVeqSvtK0IyUz9PZHS0JhxGNjOkOLQLHpT8T+vnWD/0k9FFCfIIzZf1E8kQUWmz5Oe0JyhHFtCmRb2VsKGVFOGNqKCDcFbfHmZNM7KXqVcuTsvVa+yOPJwBMdwCh5cQBVuoAZ1YCDhGV7hzXl0Xpx352PemnOymUP4A+fzB0atkCU=</latexit>

K→

<latexit sha1_base64="zjUXVl/K3ZplwI0fuxgnAJi34II=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWw223bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oERfMIpWanfNWGMWTnvlilt15yCrxMtJBXI0euWvbhizNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVVC0o+1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJsX/tZ0IlKXLFFov6qSQYk9nzJBSaM5QTSyjTwt5K2JBqytBGVLIheMsvr5LWRdWrVWv3l5X6TR5HEU7gFM7Bgyuowx00oAkMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8Ak5yQVw==</latexit>→
d

<latexit sha1_base64="FC06GaTf0KYgTE/NlLBYB5Rd37E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtkOM5Q==</latexit>

V

<latexit sha1_base64="Q5UN5ecdiQ+RV9lwaqMuH2YmeRg=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRKR6rLqpssK9gFtKJPJpB06mYSZG7GE+CluXCji1h9x5984TbPQ1gMDh3Pu5Z45XsyZAtv+Nkpr6xubW+Xtys7u3v6BeVjtqiiRhHZIxCPZ97CinAnaAQac9mNJcehx2vOmt3O/90ClYpG4h1lM3RCPBQsYwaClkVkdhhgmKkivAcRTi2I/G5k1u27nsFaJU5AaKtAemV9DPyJJSAUQjpUaOHYMboolMMJpVhkmisaYTPGYDjQVOKTKTfPsmXWqFd8KIqmfACtXf2+kOFRqFnp6Mk+67M3F/7xBAsGVmzIRJ0AFWRwKEm5BZM2LsHwmKQE+0wQTyXRWi0ywxAR0XRVdgrP85VXSPa87jXrj7qLWvCnqKKNjdILOkIMuURO1UBt1EEGP6Bm9ojcjM16Md+NjMVoyip0j9AfG5w+J3pTI</latexit>

Attn Head

<latexit sha1_base64="Q5UN5ecdiQ+RV9lwaqMuH2YmeRg=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRKR6rLqpssK9gFtKJPJpB06mYSZG7GE+CluXCji1h9x5984TbPQ1gMDh3Pu5Z45XsyZAtv+Nkpr6xubW+Xtys7u3v6BeVjtqiiRhHZIxCPZ97CinAnaAQac9mNJcehx2vOmt3O/90ClYpG4h1lM3RCPBQsYwaClkVkdhhgmKkivAcRTi2I/G5k1u27nsFaJU5AaKtAemV9DPyJJSAUQjpUaOHYMboolMMJpVhkmisaYTPGYDjQVOKTKTfPsmXWqFd8KIqmfACtXf2+kOFRqFnp6Mk+67M3F/7xBAsGVmzIRJ0AFWRwKEm5BZM2LsHwmKQE+0wQTyXRWi0ywxAR0XRVdgrP85VXSPa87jXrj7qLWvCnqKKNjdILOkIMuURO1UBt1EEGP6Bm9ojcjM16Md+NjMVoyip0j9AfG5w+J3pTI</latexit>

Attn Head

<latexit sha1_base64="qMUa1we0LayqCJtp0Xfa2TR1xHc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDt8eM5g==</latexit>

W

13



Transformer block

A transformer block TFθ further maps the output of a multi-head
attention with a MLP.

MLP

<latexit sha1_base64="MBTobVzH2QeH8+RcoZxtIYSJwpg=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KolIdVl047KCrYU2lMl00g6dR5i5KZbQP3HjQhG3/ok7/8ZpmoW2Hhg4nHMv98yJEs4M+P63U1pb39jcKm9Xdnb39g/cw6O2UakmtEUUV7oTYUM5k7QFDDjtJJpiEXH6GI1v5/7jhGrDlHyAaUJDgYeSxYxgsFLfdXsCw8jEmVExCPw067tVv+bn8FZJUJAqKtDsu1+9gSKpoBIIx8Z0Az+BMMMaGOF0VumlhiaYjPGQdi2VWFATZnnymXdmlYEXK22fBC9Xf29kWBgzFZGdzHMue3PxP6+bQnwdZkwmKVBJFofilHugvHkN3oBpSoBPLcFEM5vVIyOsMQFbVsWWECx/eZW0L2pBvVa/v6w2boo6yugEnaJzFKAr1EB3qIlaiKAJekav6M3JnBfn3flYjJacYucY/YHz+QNpvZQv</latexit>

softmax

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

<latexit sha1_base64="UxB0lixjxL6nSQkpJsOJZ5S74vA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL4KXCOYByRpmJ5NkyOzOOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGkYlmvE6U1LpVkANlyLidRQoeSvWnIaB5M1gdD31m09cG6GiexzH3A/pIBJ9wShaqXX7kHZQxZNuseSW3RnIMvEyUoIMtW7xq9NTLAl5hExSY9qeG6OfUo2CST4pdBLDY8pGdMDblkY05MZPZ/dOyIlVeqSvtK0IyUz9PZHS0JhxGNjOkOLQLHpT8T+vnWD/0k9FFCfIIzZf1E8kQUWmz5Oe0JyhHFtCmRb2VsKGVFOGNqKCDcFbfHmZNM7KXqVcuTsvVa+yOPJwBMdwCh5cQBVuoAZ1YCDhGV7hzXl0Xpx352PemnOymUP4A+fzB0atkCU=</latexit>

K→

<latexit sha1_base64="zjUXVl/K3ZplwI0fuxgnAJi34II=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWw223bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oERfMIpWanfNWGMWTnvlilt15yCrxMtJBXI0euWvbhizNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVVC0o+1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJsX/tZ0IlKXLFFov6qSQYk9nzJBSaM5QTSyjTwt5K2JBqytBGVLIheMsvr5LWRdWrVWv3l5X6TR5HEU7gFM7Bgyuowx00oAkMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8Ak5yQVw==</latexit>→
d

<latexit sha1_base64="FC06GaTf0KYgTE/NlLBYB5Rd37E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtkOM5Q==</latexit>

V <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

Attention

feature token

● The multi-head output is

MHA(X) =
H

∑
h=1

Wh ⋅Headh(X)

● The output of multi-head attention is passed through a MLP

y =MLP(MHA(X)) =MLP⊙MHA
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

TFθ

(X).

For example, MLP(h) =W2ReLU(W1h + b1) + b2.

14



Did we describe everything?
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Expressiveness of CoT using circuit complexity



A crash course on circuit complexity

Given a vocabulary V, a mapping L ∶ ∪k∈N+V
k → V is called a problem.

Boolean circuit. A Boolean circuit over n variables is a directed acyclic
graph where nodes are AND, OR, or NOT gates.

● XOR can be constructed by AND, OR, or NOT.

17



Circuit complexity classes

Class of problems when the input length is n.

● P/poly: problems solvable by polynomial-size O(poly(n)) circuits.

● NCk: problems solvable in O((logn)k) parallel runtime with a
polynomial number of processors with fan-in of the gates at most 2.

● ACk: same as NCk except unbounded fan-in of AND and OR gates.

● TCk: allowing MAJORITY in addition to ACk.

It holds for all k ∈ N+:

NCk
⊆ ACk

⊆ TCk
⊆ NCk+1.

● We have AC0
⊆ TC0

⊆ NC1.

● It is widely conjectured TC0
≠ NC1.

18



What determines the expressivity of a transformer?

Consider a transformer model with L layers of transformer blocks.

TF = TFL ⊙TFL−1⋯⊙TF1,

where each TFℓ =MLPℓ ⊙Attnℓ.

● Network size: depth and width

● Sequence length: complexity of the problem space

● Embedding dimension: representation capacity

● Precision: how are the parameters quantized?

● Test-time/CoT scaling: whether the model needs to produce the
output in one shot.

For follow-up discussion, we assume the depth is constant (fixed),
polynomial width, logarithmic embedding in the sequence length n.

19



Expressive power of transformers with CoT

NC1

TC0Code

Chess

Transformers

+Poly CoTs

Parity

S5 NC1-complete, 
can only solve 

with CoT

P/poly

assuming 𝑇𝐶! ≠ 𝑁𝐶"

Expressiveness of constant-depth transformers: (Li et al., 2024; Liu et

al., 2022; Merrill et al., 2023; Feng et al., 2023...)

• without CoT: logarithmic-precision transformer ⊂ TC0 and
constant-precision ⊂ AC0;

• transformer with linear O(n) CoTs ⊇ NC1;

• transformer with polynomial O(poly(n)) CoTs ⊇ P /poly.

With increasing CoT lengths, transformers become more powerful!
20



Aside: scaling network size versus scaling CoT

(Merrill and Sabharwal, 2025) benchmarked the impact of scaling depth
(e.g., via looping), width, CoT for regular language recognition.

logarithmic

superlogarithmic

superpolynomial

21



Training transformers for CoT capabilities



Two training paradigms

Supervised finetuning (SFT)
Next-token prediction over the reasoning trace

dense supervision

reasoning 
trace

RL from verifiable reward (RLVR)
Reward only when the final answer is correct

sparse reward

23



Two training paradigms

Supervised finetuning (SFT)
Next-token prediction over the reasoning trace

dense supervision

RL from verifiable reward (RLVR)
Reward only when the final answer is correct

sparse reward

final 
answer 

reasoning 
trace

23



Summary: SFT vs RL

SFT: dense process supervision

● Stable and sample-efficient
training

● Limited by quality of
demonstrations

● Less exploration of diverse
reasoning paths

RL: sparse outcome reward

● Directly optimizes final
correctness

● Can discover new reasoning
strategies via exploration

● Difficult and slow in
long-horizon reasoning

24



From training to generalization

context length

Pe
rf

or
m

an
ce

training

Can transformers trained on shorter tasks be generalized to longer ones?
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From training to generalization

context length

Pe
rf

or
m

an
ce

training

memorization

generalization

Can transformers trained on shorter tasks be generalized to longer ones?
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Empirical evidence is rather mixed

(Figure credit: Anil et al., 2022; Kazemnejad et al., 2023; Zhou et al., 2024)

26



Key questions

Why do trained transformers perform multi-step reasoning beyond
training examples?

Optimization Generalization

● What does gradient descent
converge to?

● What is the trained
attention at convergence?

● Will trained transformers
generalize to unseen tasks?

● Will trained transformers
generalize to longer lengths?



Supervised training from reasoning traces



Agenda: two case studies

graph reasoning
with attention only

Path-finding in a tree
(Yang et al., 2025)

reasoning with group action
with attention + MLP

LEGO
(Huang et al., 2025)

Outlook: at the time of convergence, the concentration pattern of
attention determines the generalization performance.

29



Understanding attention: path finding in trees

<latexit sha1_base64="0qFpNP5GNLb9tI5IMuqRAgMrLx8="></latexit>

Goal-to-Root Path-finding:

<latexit sha1_base64="L1m0SfSVK5FJ5C7+SZ3X5QZx7x8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKJHoLePGYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M7uZ++wmV5pF8MNMY/ZCOJB9yRo2VGtV+seSW3QXIOvEyUoIM9X7xqzeIWBKiNExQrbueGxs/pcpwJnBW6CUaY8omdIRdSyUNUfvp4tAZubDKgAwjZUsaslB/T6Q01HoaBrYzpGasV725+J/XTczwxk+5jBODki0XDRNBTETmX5MBV8iMmFpCmeL2VsLGVFFmbDYFG4K3+vI6aV2VvUq50rgu1W6zOPJwBudwCR5UoQb3UIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AYSSjL0=</latexit>

7
<latexit sha1_base64="HTT+dmiMZpNJs9Ce2c6gXrqQPkk=">AAACBnicbVBNSwMxEM3Wr1q/Vj2KECyCp7JbSqu3ghePFWwrtEvJptk2NJtdklmlLD158a948aCIV3+DN/+NabsH2/pg4OW9GTLz/FhwDY7zY+XW1jc2t/LbhZ3dvf0D+/CopaNEUdakkYjUvU80E1yyJnAQ7D5WjIS+YG1/dD312w9MaR7JOxjHzAvJQPKAUwJG6tmnNdxVfDAEolT0iMsLr0rPLjolZwa8StyMFFGGRs/+7vYjmoRMAhVE647rxOClRAGngk0K3USzmNARGbCOoZKETHvp7IwJPjdKHweRMiUBz9S/EykJtR6HvukMCQz1sjcV//M6CQSXXsplnACTdP5RkAgMEZ5mgvtcMQpibAihiptdMR0SRSiY5AomBHf55FXSKpfcaql6WynWr7I48ugEnaEL5KIaqqMb1EBNRNETekFv6N16tl6tD+tz3pqzspljtADr6xcMWpg2</latexit>

7 → 2 → 4

● Supervised training: the entire path is given in the training data.

● At each step, the transformer predicts the parent node of the current
output.

30



Model setup

retrieval

<latexit sha1_base64="MhwL59EaswQ3SBA4kEjsVjgvGyk="></latexit>

E(0) =

[
X(0)

Y (0)

]
=

[
1 4 2 3 2 4 5 0 8
8 2 7 5 1 3 6 4 0

] <latexit sha1_base64="Igiy1VcSwtMhKqVHhPqadV8AkXw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4KolI7bHoxWMF+wFNKJvttF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOFPadb+speWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M07kIrF4laPEggi0hesxyjRRuo4x34IfSayMCJasvux7WHftyu2D6L7I3acoltyp8CLxMtJEeWodZxPvxvTNAKhKSdKtT030UFGpGaUw9j2UwUJoUPSh7ahgkSggmz6zRifGKWLe7E0JTSeqr8nMhIpNYpC02nuG6h5byL+57VT3asEGRNJqkHQ2aJeyrGO8SQa3GUSqOYjQwiVzNyK6YBIQrUJ0DYhePMvL5LGWckrl8o358XqZR5HAR2iI3SKPHSBquga1VAdUfSAntALerUerWfrzXqftS5Z+cwB+gPr4xujcptP</latexit>[
1
8

]
edges r g

query

Embedding: let A ∶= (a1, . . . , aS) ∈ Rd1×S be the embedding matrix with
linearly independent columns, and a0 = 0d1 .

Attention-only mechanism: simplified attention model with trainable

B, where x
(k−1)
−1 is the last column of X(k−1):

softmax (Y (k−1)⊺Bx
(k−1)
−1 ) = softmax

⎛

⎝

[X(k−1)⊺ Y (k−1)⊺] [
0 0
B 0

]

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶

W⊺

Q
WK

[
x
(k−1)
−1

y
(k−1)
−1

]

⎞

⎠

to ensure tractability.
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Attention mechanism for path finding

retrieval

<latexit sha1_base64="MhwL59EaswQ3SBA4kEjsVjgvGyk="></latexit>

E(0) =

[
X(0)

Y (0)

]
=

[
1 4 2 3 2 4 5 0 8
8 2 7 5 1 3 6 4 0

] <latexit sha1_base64="Igiy1VcSwtMhKqVHhPqadV8AkXw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4KolI7bHoxWMF+wFNKJvttF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOFPadb+speWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M07kIrF4laPEggi0hesxyjRRuo4x34IfSayMCJasvux7WHftyu2D6L7I3acoltyp8CLxMtJEeWodZxPvxvTNAKhKSdKtT030UFGpGaUw9j2UwUJoUPSh7ahgkSggmz6zRifGKWLe7E0JTSeqr8nMhIpNYpC02nuG6h5byL+57VT3asEGRNJqkHQ2aJeyrGO8SQa3GUSqOYjQwiVzNyK6YBIQrUJ0DYhePMvL5LGWckrl8o358XqZR5HAR2iI3SKPHSBquga1VAdUfSAntALerUerWfrzXqftS5Z+cwB+gPr4xujcptP</latexit>[
1
8

]
edges r g

query

Attention searches the edge and retrieves the parent node

Attention output with fixed values

ô(k) = (
X(k−1)

Y (k−1)
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
values

⋅ softmax (Y (k−1)⊺Bx
(k−1)
−1 )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
scores

.

● The output is a linear combination of previous edges in the context.
● Attend to (p(n(k−1)), n(k−1)), and output (p(n(k−1)), n(k−1)).

32



Attention mechanism for path finding

retrieval

<latexit sha1_base64="MhwL59EaswQ3SBA4kEjsVjgvGyk="></latexit>

E(0) =

[
X(0)

Y (0)

]
=

[
1 4 2 3 2 4 5 0 8
8 2 7 5 1 3 6 4 0

] <latexit sha1_base64="Igiy1VcSwtMhKqVHhPqadV8AkXw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4KolI7bHoxWMF+wFNKJvttF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOFPadb+speWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M07kIrF4laPEggi0hesxyjRRuo4x34IfSayMCJasvux7WHftyu2D6L7I3acoltyp8CLxMtJEeWodZxPvxvTNAKhKSdKtT030UFGpGaUw9j2UwUJoUPSh7ahgkSggmz6zRifGKWLe7E0JTSeqr8nMhIpNYpC02nuG6h5byL+57VT3asEGRNJqkHQ2aJeyrGO8SQa3GUSqOYjQwiVzNyK6YBIQrUJ0DYhePMvL5LGWckrl8o358XqZR5HAR2iI3SKPHSBquga1VAdUfSAntALerUerWfrzXqftS5Z+cwB+gPr4xujcptP</latexit>[
1
8

]
edges r g

search

query

Attention searches the edge and retrieves the parent node

Attention output with fixed values

ô(k) = (
X(k−1)

Y (k−1)
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
values

⋅ softmax (Y (k−1)⊺Bx
(k−1)
−1 )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
scores

.

● The output is a linear combination of previous edges in the context.
● Attend to (p(n(k−1)), n(k−1)), and output (p(n(k−1)), n(k−1)).
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Attention mechanism for path finding

<latexit sha1_base64="MhwL59EaswQ3SBA4kEjsVjgvGyk="></latexit>

E(0) =

[
X(0)

Y (0)

]
=

[
1 4 2 3 2 4 5 0 8
8 2 7 5 1 3 6 4 0

] <latexit sha1_base64="Igiy1VcSwtMhKqVHhPqadV8AkXw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4KolI7bHoxWMF+wFNKJvttF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOFPadb+speWV1bX1woa9ubW9s+vs7TdUnEoKdRrzWLZCooAzAXXNNIdWIoFEIYdmOLya+M07kIrF4laPEggi0hesxyjRRuo4x34IfSayMCJasvux7WHftyu2D6L7I3acoltyp8CLxMtJEeWodZxPvxvTNAKhKSdKtT030UFGpGaUw9j2UwUJoUPSh7ahgkSggmz6zRifGKWLe7E0JTSeqr8nMhIpNYpC02nuG6h5byL+57VT3asEGRNJqkHQ2aJeyrGO8SQa3GUSqOYjQwiVzNyK6YBIQrUJ0DYhePMvL5LGWckrl8o358XqZR5HAR2iI3SKPHSBquga1VAdUfSAntALerUerWfrzXqftS5Z+cwB+gPr4xujcptP</latexit>[
1
8

]
edges r g

search

retrieval

query

Attention searches the edge and retrieves the parent node

Attention output with fixed values

ô(k) = (
X(k−1)

Y (k−1)
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
values

⋅ softmax (Y (k−1)⊺Bx
(k−1)
−1 )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
scores

.

● The output is a linear combination of previous edges in the context.
● Attend to (p(n(k−1)), n(k−1)), and output (p(n(k−1)), n(k−1)).
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Attention construction for path finding

<latexit sha1_base64="I1o3yV8MJDTl1/jMa3Hqa8qSYoo=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4Kkkp1WPBi8cK9gOaUjababt0swm7G7GE/gEv/hUvHhTx6t2b/8ZtG0RbHww83pthZl6QcKa0635ZK6tr6xubhS17e2d3b985OGyqOJUUGjTmsWwHRAFnAhqaaQ7tRAKJAg6tYHQ19Vt3IBWLxa0eJ9CNyECwPqNEG6nnnPoBDJjIgohoye4ndgX7vl22fRDhj9hzim7JnQEvEy8nRZSj3nM+/TCmaQRCU06U6nhuorsZkZpRDhPbTxUkhI7IADqGChKB6mazbyb4zCgh7sfSlNB4pv6eyEik1DgKTKe5b6gWvan4n9dJdf+ymzGRpBoEnS/qpxzrGE+jwSGTQDUfG0KoZOZWTIdEEqpNgLYJwVt8eZk0yyWvWqreVIq1Sh5HAR2jE3SOPHSBauga1VEDUfSAntALerUerWfrzXqft65Y+cwR+gPr4xualZs+</latexit>[
4
2

]

E(0) =

[
X(0)

Y (0)

]
=

[
1 4 2 3 2 4 5 0 8
8 2 7 5 1 3 6 4 0

]

E(1) =

[
X(1)

Y (1)

]
=

[
1 4 2 3 2 4 5 0 8 1
8 2 7 5 1 3 6 4 0 8

]

E(2) =

[
X(2)

Y (2)

]
=

[
1 4 2 3 2 4 5 0 8 1 2
8 2 7 5 1 3 6 4 0 8 1

]

E(3) =

[
X(3)

Y (3)

]
=

[
1 4 2 3 2 4 5 0 8 1 2 4
8 2 7 5 1 3 6 4 0 8 1 2

]

1

edges r g output

<latexit sha1_base64="BeUvCSisIHf5YlPQopp1Iuil7wA=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4KomU2mPBi8cK9gOaUjababt0swm7G7GE/gEv/hUvHhTx6t2b/8ZtG0RbHww83pthZl6QcKa0635ZK6tr6xubhS17e2d3b985OGyqOJUUGjTmsWwHRAFnAhqaaQ7tRAKJAg6tYHQ19Vt3IBWLxa0eJ9CNyECwPqNEG6nnnPoBDJjIgohoye4ntod9367aPojwR+w5RbfkzoCXiZeTIspR7zmffhjTNAKhKSdKdTw30d2MSM0oh4ntpwoSQkdkAB1DBYlAdbPZNxN8ZpQQ92NpSmg8U39PZCRSahwFptPcN1SL3lT8z+ukul/tZkwkqQZB54v6Kcc6xtNocMgkUM3HhhAqmbkV0yGRhGoToG1C8BZfXibNi5JXKVVuysVaOY+jgI7RCTpHHrpENXSN6qiBKHpAT+gFvVqP1rP1Zr3PW1esfOYI/YH18Q2fPJtB</latexit>[
1
8

]

<latexit sha1_base64="x6tqOflV6GEQm98VlKci55BwIXA=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4Kkkp1WPBi8cK9gOaUjababt0swm7G7GE/gEv/hUvHhTx6t2b/8ZtG0RbHww83pthZl6QcKa0635ZK6tr6xubhS17e2d3b985OGyqOJUUGjTmsWwHRAFnAhqaaQ7tRAKJAg6tYHQ19Vt3IBWLxa0eJ9CNyECwPqNEG6nnnPoBDJjIgohoye4ndhn7vu3ZPojwR+w5RbfkzoCXiZeTIspR7zmffhjTNAKhKSdKdTw30d2MSM0oh4ntpwoSQkdkAB1DBYlAdbPZNxN8ZpQQ92NpSmg8U39PZCRSahwFptPcN1SL3lT8z+ukun/ZzZhIUg2Czhf1U451jKfR4JBJoJqPDSFUMnMrpkMiCdUmQNuE4C2+vEya5ZJXLVVvKsVaJY+jgI7RCTpHHrpANXSN6qiBKHpAT+gFvVqP1rP1Zr3PW1esfOYI/YH18Q2V1Zs7</latexit>[
2
1

]

ba
ck

w
ar

d 
re

as
on

in
g

<latexit sha1_base64="xlOAf75poY5MDAZE6IF9rqX0Q1A=">AAACDXicbVBNS8NAEN3Urxq/oh69LFbBU0mkVI8FLx4r2A9oStlspu3SzSbsbsQS+ge8+Fe8eFDEq3dv/hu3bRBtfTDweG+GmXlBwpnSrvtlFVZW19Y3ipv21vbO7p6zf9BUcSopNGjMY9kOiALOBDQ00xzaiQQSBRxawehq6rfuQCoWi1s9TqAbkYFgfUaJNlLPOfEDGDCRBRHRkt1PbBf7vl2xfRDhj9hzSm7ZnQEvEy8nJZSj3nM+/TCmaQRCU06U6nhuorsZkZpRDhPbTxUkhI7IADqGChKB6mazbyb41Cgh7sfSlNB4pv6eyEik1DgKTKe5b6gWvan4n9dJdf+ymzGRpBoEnS/qpxzrGE+jwSGTQDUfG0KoZOZWTIdEEqpNgLYJwVt8eZk0z8tetVy9qZRqlTyOIjpCx+gMeegC1dA1qqMGougBPaEX9Go9Ws/Wm/U+by1Y+cwh+gPr4xuXXZs8</latexit>[
0
4

]

Theorem (Construction for path finding)

Given linearly independent nodal embeddings, there exist attention
constructions that implement this mechanism.
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Assumptions for training dynamics

Can trained transfomers learn these mechanisms, i.e. the desired
attention patterns?

Training distribution: Let m ≥ 3 and S ≥ 2m+1 − 1 =∶ N . The training
distribution Ptrain is the uniform distribution over perfect binary trees
T = (V(T ),E(T ), g(T )) of depth m with distinct nodes chosen from
[S] and a goal node g(T ) being one of the leaf nodes.

Orthonormal embeddings: {ai}i∈[S] are orthonormal vectors in Rd1 .
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Assumptions for training dynamics

Can trained transfomers learn these mechanisms, i.e. the desired
attention patterns?

Training distribution: Let m ≥ 3 and S ≥ 2m+1 − 1 =∶ N . The training
distribution Ptrain is the uniform distribution over perfect binary trees
T = (V(T ),E(T ), g(T )) of depth m with distinct nodes chosen from
[S] and a goal node g(T ) being one of the leaf nodes.

Orthonormal embeddings: {ai}i∈[S] are orthonormal vectors in Rd1 .
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Training objective

Autoregressive teacher-forcing: at each step k ≥ 2, the input

E
(k−1)
train (T ) = (E

(k−2)
train (T ), o

(k−1)
(T ))

is the concatenation of the input at step k − 1 and the (k − 1)-th column
of the ground truth output. The output is

ô
(k)
train(T ;B) = f(E

(k−1)
train (T );B)∶,−1.

CoT training loss:

Ltrain(B) =
1

2
ET ∼Ptrain

∥O(T ) − Ôtrain(T ;B)∥
2
F.

Gradient descent: we initialize all parameters to be zero, and

B(t+1) = B(t) − η∇BLtrain(B
(t)
), ∀t ≥ 0.
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Optimization theory

Theorem (Yang et al., 2025)

We use zero initialization. For learning rate η and ϵ that are sufficiently
small, we reach Ltrain(B

(t)) ≤ ϵ as soon as the number of iterations
satisfies

T = O(
mS

ηϵ
log (

Nm

ϵ
)) .

● Gradient descent converges at a rate of Õ(1/ϵ).
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Theory of generalization

Generalization error: on unseen tree T

Ltest(T ;B) =
1

2
∥O(T ) − Ô(T ;B)∥2F.

Theorem (Generalization)

Given any tree T at test time with Ñ distinct nodes chosen from [S] and
a path length m̃, there exists small enough ϵ0 = ϵ0(m, Ñ, m̃) > 0 such
that for any ϵ ∈ (0, ϵ0], when the training loss Ltrain(B

(t)) ≤ ϵ, it holds

Ltest(T ;B
(t)
) ≤ 4max

⎧⎪⎪
⎨
⎪⎪⎩

(
Ñ + m̃ − 1

N +m − 2
)

2

,1

⎫⎪⎪
⎬
⎪⎪⎭

⋅
m̃

m
ϵ.

● Better length generalization on unseen trees (possibly with higher
depth) for small training error.
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Moving beyond attention: state tracking

Given an initial state and a sequence of actions, compute the final state.

Code evaluation

Playing Chess

Entities tracking

Images modified from Merrill et al., 2024
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State tracking via LEGO

LEGO (Learning Equality and Group Operations) (Zhang et al., 2022):
with answer up to m < L

x1 = g1(x0) , . . . , xL = gL(xL−1)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
predicate clauses

x0 = y0 , . . . , xm = ym
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

answer clauses

with action gi ∈ G, value yi ∈ Y, variable xi ∈ X .

Goal: correctly calculate the last value yL = gL(gL−1(⋯g1(y0))).
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Examples of state tracking

Example from TC0: parity check / modulo sum

x1 = x0 ⊕2 1, x2 = x1 ⊕2 1, x0 = 0, x1 =?, x2 =?

where x2 counts the parity of the bit string {0,1,1}:

x2 = x1 ⊕21
´¸¶
g2

= (x0 ⊕21
´¸¶
g1

) ⊕2 1 = ( 0
´¸¶
y0

⊕21) ⊕2 1 ≡ 0 (mod 2).

Example from NC1: S5 acts on [5] = {1,2,3,4,5}:

x1 = g1(x0), x2 = g2(x1), x3 = g3(x2), x0 = 1, x1 =?, x2 =?, x3 =?.

Take g1 = (142), g2 = (25)(34), and g3 = (135). Then

x3 = g3(g2(g1( 1
´¸¶
y0

))) = g3(g2(4)) = g3(3) = 5.
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One-layer attention + MLP model

Model mechanism:

FFN (action) ○

Attention (retrieval)

𝑥! = 𝑔! 𝑥" , ⋯ 𝑥#$! = 𝑔# 𝑥# ⋯ , 𝑥% = 𝑔% 𝑥%&! , 				𝑥"= 𝑦", ⋯⋯ , 𝑥# = 𝑦#

1.Retrieve

Attention

query

<latexit sha1_base64="MBTobVzH2QeH8+RcoZxtIYSJwpg=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KolIdVl047KCrYU2lMl00g6dR5i5KZbQP3HjQhG3/ok7/8ZpmoW2Hhg4nHMv98yJEs4M+P63U1pb39jcKm9Xdnb39g/cw6O2UakmtEUUV7oTYUM5k7QFDDjtJJpiEXH6GI1v5/7jhGrDlHyAaUJDgYeSxYxgsFLfdXsCw8jEmVExCPw067tVv+bn8FZJUJAqKtDsu1+9gSKpoBIIx8Z0Az+BMMMaGOF0VumlhiaYjPGQdi2VWFATZnnymXdmlYEXK22fBC9Xf29kWBgzFZGdzHMue3PxP6+bQnwdZkwmKVBJFofilHugvHkN3oBpSoBPLcFEM5vVIyOsMQFbVsWWECx/eZW0L2pBvVa/v6w2boo6yugEnaJzFKAr1EB3qIlaiKAJekav6M3JnBfn3flYjJacYucY/YHz+QNpvZQv</latexit>

softmax

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

<latexit sha1_base64="UxB0lixjxL6nSQkpJsOJZ5S74vA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL4KXCOYByRpmJ5NkyOzOOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGkYlmvE6U1LpVkANlyLidRQoeSvWnIaB5M1gdD31m09cG6GiexzH3A/pIBJ9wShaqXX7kHZQxZNuseSW3RnIMvEyUoIMtW7xq9NTLAl5hExSY9qeG6OfUo2CST4pdBLDY8pGdMDblkY05MZPZ/dOyIlVeqSvtK0IyUz9PZHS0JhxGNjOkOLQLHpT8T+vnWD/0k9FFCfIIzZf1E8kQUWmz5Oe0JyhHFtCmRb2VsKGVFOGNqKCDcFbfHmZNM7KXqVcuTsvVa+yOPJwBMdwCh5cQBVuoAZ1YCDhGV7hzXl0Xpx352PemnOymUP4A+fzB0atkCU=</latexit>

K→

<latexit sha1_base64="zjUXVl/K3ZplwI0fuxgnAJi34II=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWw223bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oERfMIpWanfNWGMWTnvlilt15yCrxMtJBXI0euWvbhizNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVVC0o+1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJsX/tZ0IlKXLFFov6qSQYk9nzJBSaM5QTSyjTwt5K2JBqytBGVLIheMsvr5LWRdWrVWv3l5X6TR5HEU7gFM7Bgyuowx00oAkMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8Ak5yQVw==</latexit>→
d

<latexit sha1_base64="FC06GaTf0KYgTE/NlLBYB5Rd37E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtkOM5Q==</latexit>

V <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

𝑦(#$! ≈ 𝑦#$!		
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One-layer attention + MLP model

Model mechanism: FFN (action) ○ Attention (retrieval)

𝑥! = 𝑔! 𝑥" , ⋯ 𝑥#$! = 𝑔# 𝑥# ⋯ , 𝑥% = 𝑔% 𝑥%&! , 				𝑥"= 𝑦", ⋯⋯ , 𝑥# = 𝑦#

𝑦(#$! ≈ 𝑦#$!		

2. Action
𝑦#$!	 = 𝑔#	(𝑦#)
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<latexit sha1_base64="MBTobVzH2QeH8+RcoZxtIYSJwpg=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KolIdVl047KCrYU2lMl00g6dR5i5KZbQP3HjQhG3/ok7/8ZpmoW2Hhg4nHMv98yJEs4M+P63U1pb39jcKm9Xdnb39g/cw6O2UakmtEUUV7oTYUM5k7QFDDjtJJpiEXH6GI1v5/7jhGrDlHyAaUJDgYeSxYxgsFLfdXsCw8jEmVExCPw067tVv+bn8FZJUJAqKtDsu1+9gSKpoBIIx8Z0Az+BMMMaGOF0VumlhiaYjPGQdi2VWFATZnnymXdmlYEXK22fBC9Xf29kWBgzFZGdzHMue3PxP6+bQnwdZkwmKVBJFofilHugvHkN3oBpSoBPLcFEM5vVIyOsMQFbVsWWECx/eZW0L2pBvVa/v6w2boo6yugEnaJzFKAr1EB3qIlaiKAJekav6M3JnBfn3flYjJacYucY/YHz+QNpvZQv</latexit>

softmax

<latexit sha1_base64="piA13sINzKnJtVnrGZeqrtG2yP4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDrq+M4A==</latexit>

Q

<latexit sha1_base64="UxB0lixjxL6nSQkpJsOJZ5S74vA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL4KXCOYByRpmJ5NkyOzOOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGkYlmvE6U1LpVkANlyLidRQoeSvWnIaB5M1gdD31m09cG6GiexzH3A/pIBJ9wShaqXX7kHZQxZNuseSW3RnIMvEyUoIMtW7xq9NTLAl5hExSY9qeG6OfUo2CST4pdBLDY8pGdMDblkY05MZPZ/dOyIlVeqSvtK0IyUz9PZHS0JhxGNjOkOLQLHpT8T+vnWD/0k9FFCfIIzZf1E8kQUWmz5Oe0JyhHFtCmRb2VsKGVFOGNqKCDcFbfHmZNM7KXqVcuTsvVa+yOPJwBMdwCh5cQBVuoAZ1YCDhGV7hzXl0Xpx352PemnOymUP4A+fzB0atkCU=</latexit>

K→

<latexit sha1_base64="zjUXVl/K3ZplwI0fuxgnAJi34II=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWw223bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oERfMIpWanfNWGMWTnvlilt15yCrxMtJBXI0euWvbhizNOIKmaTGdDw3QT+jGgWTfFrqpoYnlI3ogHcsVTTixs/m907JmVVC0o+1LYVkrv6eyGhkzCQKbGdEcWiWvZn4n9dJsX/tZ0IlKXLFFov6qSQYk9nzJBSaM5QTSyjTwt5K2JBqytBGVLIheMsvr5LWRdWrVWv3l5X6TR5HEU7gFM7Bgyuowx00oAkMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8Ak5yQVw==</latexit>→
d

<latexit sha1_base64="FC06GaTf0KYgTE/NlLBYB5Rd37E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtkOM5Q==</latexit>

V <latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=
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MLP training

MLP captures the atomic skills of group action

(g, y) ↦ g(y)

and becomes fully trained at length L = 1 in the following sense:

When MLP receives 1
2
(g + y), then for j = τ(g(y))

softmax(MLPW (
1

2
(g + y)))

j
= 1 −

1

poly(d)

Here, τ ∶ Y → [d] index the states for prediction.

Overparameterized regime: for each pair (g, y) with correct output
j = τ(g(y)), there exists a unique neuron r such that

⟨Wj,r, g⟩ = B, ⟨Wj,r, y⟩ = B, ⟨Wj,r, s⟩ = −B (other s ≠ g, y)

⟨Wj,r′ , s⟩ = 0 (other r′ ≠ r, s ∈ G ∪ Y)

where B ≍ log d.
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Tracking the attention dynamics

ZL,m
≜ x1 = g1(x0)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Zpred,1

, . . . , xL = gL(xL−1) x0 = y0
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶

Zans,0

, . . . , xm = ym
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

query Zans,m

Training objective: minimize the cross-entropy loss for next-answer
prediction via gradient descent

L(F ) = E[
L

∑
m=1

− log pF (ym+1 ∣ Z
L,m
)]

where d = ∣X ∣ + ∣G∣ + ∣Y∣ (roughly embedding dimension).

Tracking how attention concentrates on the key clauses and quantify
the concentration at loss convergence

Attention Attnans,m→k: attention score from Zans,m → Zk;

Uniform initialization: attention scores are the same for all clauses.

𝐐!,# 𝐐!,!

𝑑

𝑑

𝑸

𝑥$
𝑦$

𝐙!"#,%

𝑥$ 𝑦$

𝐙!"#,%

5d×5𝑑

𝐙&'(),*

𝑑

𝐐!,# 𝐐!,!

5d×5𝑑

𝑑
𝑥$
𝑔%
𝑥%

𝑥$ 𝑦$

𝐙!"#,%

𝑸

Self attentionPredicate look up

Training dynamic: Attnans,ℓ→pred,ℓ +Attnans,ℓ→ans,ℓ → 1
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Two group actions

Simply transitive action:

• e.g., Cn, cyclic group (mod n)

• ∀y, y′, there is a unique g ∈ G s.t., g(y) = y′

• For example, cyclic group acts on [n].

Symmetry action:

• e.g., Sn, all permutations of n elements

• Gy→y′ = {g ∈ G ∶ g(y) = y
′} is large

• For example, Sn acts on [n].
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Length generalization for simple transitive group

Theorem (Short-to-poly length generalization)

For simply transitive G, the model trained via GD on the LEGO task of
L ≤ 2 can directly solve tasks for L ≤ O(dc) with some constant 0 < c < 1.

Mechanism: MLP perfectly captures action; while attention learns to

concentrate on the relevant clauses.

Attention concentration: Attnans,ℓ→pred,ℓ +Attnans,ℓ→ans,ℓ = 1−
1

O(dc)
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Length generalization for symmetry group

Hardness from symmetry ∣Gy→y′ ∣ ≫ 1, simply transitive ∣Gy→y′ ∣ = 1.

Predicate lookup faces many near-duplicates:

x1 = g1(x0)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

possible distractor: y1 →
g1

y2

x2 = g2( x1 ) x0 = y0 x1 = y1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

query

x2 = ?

insufficient

insufficient

Attnans,ℓ→pred,ℓ +Attnans,ℓ→ans,ℓ = 1− small constant

No guarantee beyond constant-factor length generalization!
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Self-improvement provably helps

Step 1: train on simple 
task 𝐿! = 2 (stage 1)

Train dataset

Step 2: use the model from 
stage k-1 to self-label 

longer task 𝐿" = 2"

Step 3: train on the 
expanded self-improvement 

dataset (stage k)

Self-improvement dataset

Step 4: repeat
𝑦0 𝑦! 𝑦"

𝑥"𝑥# 𝑥!
𝑔"𝑔!

True label:

Self label: 𝑦0 𝑦$! 𝑦$" 𝑦$$ 𝑦$%

𝑥# 𝑥! 𝑥" 𝑥$ 𝑥%
𝑔! 𝑔" 𝑔$ 𝑔%

𝑥# 𝑥! 𝑥" 𝑥$ 𝑥%
𝑔! 𝑔" 𝑔$ 𝑔%

𝑦0 𝑦! 𝑦"

𝑥"𝑥# 𝑥!
𝑔"𝑔!

True label:

Inspired by (Lee et al., 2025)

Theorem (Self-improvement for length generalization)

If G is symmetry (Sn), then the model trained via self-training on L =
1,2,⋯,2k−1 can generalize to solve task of L = 2k. After Θ(log d) stages,
it can solve tasks of L ≤ d.

Transformer with CoTs learns to solve problems in NC1!
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Numerical validation
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direct length generalization self-improvement

Self-improvement improves length generalization for harder tasks
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Aside: statistical benefit of CoT

So far, we have assumed access to an infinite amount of data... but CoT
can also impact the statistical learnability!

(Wen et al., 2024) shows that for parity learning problem with planted
indices {i1, . . . , ik}:

bi1 ⊕ bi2 ⊕ . . .⊕ bik

● without CoT, the sample size is at least exponential;

● with CoT, the sample size is within polynomial.

CoT allows sparse attention patterns that are statistically easier to learn.
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Reinforcement learning with verifiable rewards



RL with verifiable rewards

RL with verifiable rewards (RLVR): In early 2025, Deepseek released
R1, and revealed the training recipe called RLVR.

● The model is only rewarded for accuracy and format.

● No outcome or process neural reward model.
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Does RLVR learn new capabilities?

“Reasoning patterns of larger models can be distilled into smaller
models, resulting in better performance compared to the rea-
soning patterns discovered through RL on small models.”

— DeepSeek-R1 [2025]

(Figure credit: Deepseek-R1)

The ceiling of RLVR seems to depend on the capability of base LLMs.
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When is RL most effective?

RL is most effective at the edge of competence [Yue et al. 2025]:

• No saturation: the task is not heavily covered during pre-training;

• “Just-right” difficulty: neither too easy nor too hard.

Our question: How does RLVR improve model’s capabilities
at the edge of competence?
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Revisit state tracking from an RL perspective

Given a group G acting on a finite value set Y:

Goal: calculate the last value yL = gL(gL−1(⋯g1(y0))) given the
sequence of transitions gi ∈ G with an initial value y0 ∈ Y.

Code evaluation

Playing Chess

Entities tracking

Images modified from Merrill et al., 2024
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How does the transformer reason sequentially?

Transformer as autoregressive policy: given (prompt, y0),

πθ(ŷ
ℓ
∣ prompt, y0) =

ℓ

∏
k=1

πθ(ŷk ∣ prompt, yk−1), ℓ = 1, . . . , L,

where ŷℓ = (ŷ1, . . . , ŷℓ).

Model mechanism: TF = MLP (executor) ○ Attention (retrieval)

Attention

MLP
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Recursion of L-step reasoning: at each step ℓ,
recall the target yℓ = gℓ(yℓ−1).

• Attention = retriever: find correct gℓ from
prompt at step ℓ – horizon-variant

• MLP = executor: (gℓ, yℓ−1) ↦ gℓ(yℓ−1) with
near-perfect accuracy – horizon-invariant



Outcome-based RL objective and policy gradient

Outcome-based RL objective:

JL(θ) = Eprompt,y0 [EŷL∼πθ(⋅∣prompt,y0)
[r(ŷL ∣ prompt, y0)]],

which uses only the terminal reward:

r(ŷL ∣ prompt, y0) ≜ 1{ŷL = yL}.

Length-normalized policy gradient via REINFORCE:

θ(t+1) = θ(t) + η∇θJ̃L(θ)

∇θJ̃L(θ) =
1

L
Eprompt,y0 [r(ŷ

L
∣ prompt, y0)∇ logπθ(ŷ

L
∣ prompt, y0)],

where J̃L(θ) =
1
L
JL(θ), and η is the learning rate.
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Pretrained atomic skills

Pretrained MLP: we assume MLP is pretrained to capture the atomic
skills of group action

(g, y) ↦ g(y)

with weight W fixed during RL training.

When MLP receives 1
2
(g + y), then for j = τ(g(y))

softmax(MLPW (
1

2
(g + y)))

j
= 1 −

1

poly(d)
.

Here, τ ∶ Y → [d] index the states for prediction.

● Our prior work [Huang et al, 2025] provides guarantees for learning
such atomic structures via overparameterized ReLU network, with
activation level

B = Cmlp log d,

where Cmlp is a constant determining the skill sharpness.
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Attention training

Attention mechanism reused across lengths: the ground truth
retrieval pattern is a permutation at the longest possible reasoning
length, measuring the positional alignment.

ground truth length-2 length-3

Uniform attention at initialization: We train an attention matrix Q to
learn the permutation pattern with

Q(0) = 0 (uniform attention).

Training dynamic tracks how the attention pattern concentrates
throughout training.
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Horizon barrier of compositional reasoning

Our first result reveals that RLVR is efficient for short-horizon reasoning,
but suffers from flat landscape beyond a critical horizon.

Theorem (Horizon Barrier)

Assume G is non-abelian and simply transitive, then

● Success of RL within short horizon L < Cmlp: for large enough

iterations T = Õ(poly(d)
η
) with η = 1

poly(d)
, the reward

J
(T )
L ≥ 1 −

1

poly(d)
.

● Exponentially flat region when L ≥ 2Cmlp: the gradients of JL

and rewards J
(t)
L satisfy

∣⟨[∇QJ
(t)
L ]x,x

′
⟩∣ ≤ d−Ω(L), J

(t)
L =

1

d
(1 + o(1)),

whenever maxx,x′∈X ⟨Q
(t)x,x′⟩ ≤ 0.01.
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Single-length training

Experiment setup: we assume a cyclic group Z96 for reasoning length
L = 5,15,45.

Average reward Attention concentration

RL rapidly learns short-horizon compositions, whereas longer
horizons exhibit a near-flat reward plateau.
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Mixed-difficulty RLVR

The previous result showed that RL cannot operate beyond a critical
horizon, even when the reward is non-zero by random guesses.

What if we mix different horizons together?

Mixed-difficulty distribution: we uniformly mix the horizons

LR = {L1, L2, . . . , LK} , Lk =min{⌈RLk−1⌉ , Lmax} .

Here, R = Lk+1/Lk is the difficulty ratio, which controls how smooth
the curriculum structure in the distribution.
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Mixed-difficulty training objective:

Jmix,R = EL∼Unif(LR)[JL(θ)]



Learning behavior at different difficulty ratios

Relay

R = 3: a smoother difficulty
spectrum facilitates relay
dynamics across horizons.

Grokking

R = 7: a larger difficulty ratio
yields a prolonged plateau at

longer horizons.

The shared reasoning pattern generalizes across horizons through
an implicit curriculum provided by the data mix.
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RLVR dynamics under mixed difficulty

Stopping times: define the following stopping times for

• Visible return: Tvis,L ∶=mint{J
(t)
L ≥ 0.01};

• Mastery : Tmas,L ∶=mint{J
(t)
L ≥ 0.99}.

Theorem (Huang et al., 2026)

Suppose L1 ≤ Cmlp. Assume G is non-abelian and simply transitive,

● Grokking (Long plateaus when R ≥ ω(1)): before the next
horizon Lk+1 sees visible returns, there is a long plateau:

Tvis,k+1 − Tmas,k ≳
Lmax

η
⋅ dCmlp−1.

● Relay (Short plateaus when R ≤ O(1)): before Lk+1 sees visible
returns, the plateau period is short:

Tvis,k+1 − Tmas,k ≲
Lmax

η
⋅ d

Cmlp(1−
Cmlp

Cmlp+R
)−1

.

● (Phase transitions) Once horizon Lk+1 reaches visible return, it
arrives at mastery time quickly: Tmas,k − Tvis,k ≲

Lmax

η
⋅Lk+1.
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Gradient characterization

Step-wise probability margin: how much target dominates

∆L ∶≈ pL,target − pL,non−target.

A key policy gradient characterization for aggregated attention q:

∇qJ̃L ∝ (∆L)
L

´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¶
success over L steps

⋅ (1 −∆L)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
room to improve

● ∆L small ⇒ (∆L)
L exponentially suppresses gradient (cold start)

● ∆L ≈ 1 ⇒ 1 −∆L vanishes (saturated)
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Cartoon illustration of RLVR dynamics

Grokking

Relay

● Grokking: shorter-horizon saturates long before longer-horizon
escapes random guessing.

● Relay: at the edge of competence, shorter-horizon still improves
while longer-horizon already escapes randomness.
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Reinforcement learning for agentic search



Search in agentic and reasoning tasks

Search is a crucial algorithmic primitive in agentic and reasoning tasks.

User task:
“Fix failing test”

config fix

𐄂
version fix

𐄂

inspect core 
module

patch parser
logic
𐄂

patch loss
logic

patch edge
cases
✓𐄂

● The structure of the search space and target of search are often a
priori unknown to the agent.

● Agents need to perform backtracking to recover from failures.

How does RL enable agents to search?
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Abstraction as tree search

User task:
“Fix failing test”

config fix

𐄂
version fix

𐄂

inspect core 
module

patch parser
logic
𐄂

patch loss
logic

patch edge
cases
✓𐄂

8

1

2 6

7 3 5
✓

𐄂 𐄂

𐄂 𐄂

goal

Abstraction

Goal: transformers act on the tree to find the goal node.

How does this differ from supervised fine-tuning (SFT)?

● In SFT, the complete tree and entire root-to-goal path is used to
supervise a path-finding mechanism (Yang et al., 2025).

● In RL, the tree is revealed as the agent explores it through
trial-and-error, with feedback about if it is a leaf or goal node.
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RL environment

8

1

2 6

7 3 5
✓

𐄂 𐄂

𐄂 𐄂

s1:

unknown
8

1

2 6

7 3 5
✓

𐄂 𐄂

𐄂 𐄂

s2:

unknown

a1

8

1

2 6

7 3 5
✓

𐄂 𐄂

𐄂 𐄂

s11:
a1

a2
a3 a4

a5

a6

a7a8 a9

a10

Goal found, 
terminate! 

Episodic setting:

● A new tree is generated at the beginning of each episode.

● Transformer as an autoregressive policy over the action space:

πθ(⋅∣context) ∼∆(A), where A = {up, downk}

it can visit children nodes, backtrack to parent nodes, etc...

● Environment reveals the next node in the tree, and its nodal
properties (leaf/non-leaf).
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Can RL learn this search mechanism?

Yes!

Theorem (Yang et al., 2026)

A one-layer two-head transformer learns to implement depth-first
search (DFS) via curriculum training on depth-1 and depth-2 trees
sequentially. Furthermore, it generalizes directly to deeper trees.

8

1

2
✓𐄂 𐄂

8

1

2 6

7
𐄂 𐄂

𐄂

6

3 5
✓𐄂

depth-1 trees depth-2 trees
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Attention head specialization

8

1

2 6

7 3 5
✓

𐄂 𐄂

𐄂 𐄂

s8:
a1

a2
a3 a4

a5

a6

a7

query

Task specialization of attention heads:

● One head retrieves action history and suppresses
tried children from being selected again;

● One head uses label history to promote action up

at non-goal leaves and suppress up at internal
nodes.

The two heads coordinate to implement depth-first search.
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Attention head specialization
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8

1

2 6

7 3 5
✓

𐄂 𐄂

𐄂 𐄂

s10:
a1
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a3 a4

a5

a6

a7a8 a9

Goal found, terminate!

Task specialization of attention heads:

● One head retrieves action history and suppresses
tried children from being selected again;

● One head uses label history to promote action up

at non-goal leaves and suppress up at internal
nodes.

The two heads coordinate to implement depth-first search.
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Numerical illustration
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Doesn’t 
generalize yet!

Generalize to 
deeper trees!

RL trains transformers to perform the depth-first search algorithm
via curriculum learning.
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Summary

Expressivity:

● CoT turns test-time tokens into serial computational depth,
enabling fixed-depth transformers to perform inherently sequential
computations.

Optimization:

● Training learns a reusable local algorithm: attention retrieves and
routes, while the MLP executes the atomic update. RLVR learns
much slower than SFT, but allows cold start without data.

Generalization:

● Attention concentration enables skill sharpening that succeeds
beyond the training horizon, and curriculum learning allows faster
training with better length generalization and long-horizon planning.

CoT supplies computational depth; training identifies the
algorithmic primitives; curriculum carries it to longer horizons.
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Chain-of-Thought Reasoning in Transformers:
From Theory to Practice

Part 2

1



Part 2 goals

In Part 1, we covered the foundations of reasoning in LLMs: 
expressivity, optimization, and generalization.

In Part 2, we will explore how these methods are used in 
practice and the holistic considerations/tradeoffs we need 
to make.

We will see how reasoning methods interact with the entire 
development and deployment process.
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Training pipeline

1. Base Model: understands general knowledge
2. Instruct/Chat Model: follows instructions and 

structured templates
3. Reasoning Model: expresses reasoning behaviors
4. Served Model: consumer-facing model

3

Initialized 
Model

Base 
Model

Instruct 
Model

Reasoning 
Model

Pretraining
Instruct
tuning

Served 
Model

Reasoning
Training

Inference + Harness + …

(Don’t care about reasoning)



Why is reasoning possible?

4

Training

Data

Modeling

Inference

Transformer

Attention

GRPO

Distillation

Efficiency

Engines

Curriculum Learning

Curation

Reasoning
Models



Outline

1. Inducing Reasoning Overview
a. SFT
b. RLVR

2. Parallel Scaling
3. Inference and Deployment
4. What’s Next
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Instruct 
Model

Reasoning 
Model

Served 
Model

1, 2 3



Inducing Reasoning

6



Life before: prompting to reason

A simple nudge for LLMs to use CoT when we can’t train or 
do not have access to model weights.

7

Zero-shot

Few-shot Few-shot CoT

Zero-shot CoT

(Kojima et al., 2022)

But how do we explicitly train models to naturally reason?



Main ways to induce LLM reasoning

Recall from Part 1…

Two paradigms to teach LLMs to reason: SFT and RL

Both are often used together.
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Reasoning structure

Instruct models adopt a chat template, with a special format for 
reasoning.

System: (e.g., You are a helpful assistant…)

User: (e.g., Solve this problem…)

Assistant:

<think>

[Model reasoning trace]

</think>

[Summarized CoT and answer]

10

May be hidden from the user

May be hidden 
from the user



SFT on reasoning traces

Curate a dataset of <problem> + <reasoning> + <answer> 
samples and train using SFT.

Reasoning traces are the most expensive part of the 
dataset to collect, so we must use synthetic data.

11



SFT distillation

Less powerful models can learn from the reasoning traces 
of a more powerful one.

Steps:
1. For each prompt, multiple reasoning traces are 

sampled from a powerful teacher model. 
2. Filter outputs by correctness and other desirable 

characteristics (e.g., length, format, etc.).
3. SFT

12



Off-policy learning

SFT from external reasoning traces forces the model to 
adopt behavior different from itself (off-policy).

If a student deviates slightly during inference, it can be 
hard to recover.

13

Is there a way to do distillation with on-policy data?



On-policy distillation (OPD)

A powerful teacher model can provide token-level logit 
feedback on student responses.

15

Student Rollouts/logits Teacher Logits

Update

RLVR

OPD

(Lu et al., 2025)



On-policy self-distillation (OPSD)

OPSD uses the student model with additional context (e.g., 
a correct reasoning trace) as the teacher.

16

Student Rollouts/logits Student with correct 
reasoning trace Logits

Update

(Zhao et al., 2026)



Generalization

On-policy methods tend to preserve past capabilities.

17

SFTOPSD

(Shenfeld et al., 2026)



SFT summary

SFT learns to reason from another model’s reasoning 
ability.

We explored 3 ways to do this:
• Direct distillation from reasoning traces
• Distillation from teacher model feedback (OPD)
• Distillation from own feedback (OPSD)

In all cases, you need an external model or source of 
reasoning traces.

18



RLVR

Curate a dataset of <problem> + <answer> samples and 
train using RL—the simplest being RLVR.
• The model learns to generate its own reasoning traces. 
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Verifiable rewards

RLVR is useful when we can easily and objectively test 
output quality (i.e., verifiable rewards), bypassing 
subjective scores and labels.
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Setting Reward Signal

Math

Puzzles/Games

Code

Agents

Correctness

Correctness, constraints, score

Compilation, test cases

Task completion 



RL Objective

Many use the group relative policy optimization (GRPO) 
objective, a variant of PPO.

21
(Shao et al., 2024)

PPO: For a prompt q, output o, and reward r:

GRPO: For a prompt q, outputs o1, …, oG, and rewards r1, …, rG :

Advantage computed with the 
help of a value function 

Estimate of the PPO advantage 
without a value function



GRPO results

DeepSeek R1 was trained with GRPO with strong results.

Since then, many variants of GRPO have emerged.

22
(Guo et al., 2025)



Combining SFT and RLVR

RLVR can also lead to uninterpretable behavior even if the 
performance is good.
In the eyes of RLVR, these have the same reward:

Often, SFT is applied first to ground the model before 
applying RL.

23



Advantage and knowledge boundary

Recall the GRPO advantage normalizes the reward within a 
group of responses to a single prompt:

RLVR reward is often binary (0/1 for incorrect/correct)
• If all responses are correct or incorrect, nothing is 

learned!
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Too hard = 0 advantage

Too easy = 0 advantage

Just right!



RLVR is costly

At regular intervals during RLVR, we need to generate on-
policy reasoning traces.

• Generative inference is autoregressive and reasoning 
traces can be on the order of 1K-10K tokens or more.
• In contrast, direct SFT distillation processes tokens in parallel.
• This ends up taking much longer than forward/backward 

passes!
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RLVR Scalability

RLVR computational cost scales by many things:
• Model size/architecture

• Can’t modify this much

• Data
• Rollout length: more tokens = more thinking but more 

time/memory
• Verification speed: simple or complex scoring
• Learnability: prompts could be too easy/hard to learn from
• Off policy steps: more steps = more efficient but risks instability

26



Rollout length

Rollouts are the biggest contributor to RLVR training 
latency, often taking up >50% of the time.
• Autoregressive LLM generation is sequential
• Prefill processes all tokens in parallel 
• Over-truncation can lead to performance drops

27



Rollout length: acceleration

We can try to accelerate the rollout process.
• Algorithmic approximations (e.g., quantization, 

speculative decoding) 
• Systems optimizations (e.g., vLLM)

Risks of straying off-policy as training progresses and/or 
sequence length grows.

28



Rollout length: scheduling

Large differences in rollout lengths cause GPUs to be 
underultized.
• Phase synchronization means other GPUs wait for the 

slowest to finish.

• But you also need all rollouts in a group to finish to 
calculate the advantage!

Several exisiting scheduling algorithms for RLVR try to 
minimize idle time.
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Rollout length: growth

Models naturally use more CoT tokens as RLVR progresses, 
so average time between each gradient step and inference 
cost grow.

Are we using each token efficiently?
• Loss aggregation methods (e.g., DAPO and Dr. GRPO)
• Length regularization

30
(Guo et al., 2025)
(Yu et al., 2025)
(Liu et al., 2025)



Verification

Different domains have different methods of verification 
and scoring.
• Need to balance thoroughness and time.
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Time to verify

Regex match

Compilation

Integration testsUnit tests

Proof checking



Learnable samples

For one prompt, we need to sample multiple responses to 
calculate the advantage.
• If advantage is 0, no gradient flow => wasted rollouts 

Adjustments
• Increase group size
• Denser rewards to create more diversity in rewards
• Curriculum learning from easy to hard prompts

32

Too hard = 0 advantage

Too easy = 0 advantage

Just right!



Gradient steps between rollouts

A benefit of RL is training with on-policy data.

Rollouts are off-policy once the model is updated, but as 
we saw earlier, generating rollouts is expensive.

More off-policy updates speed up training but risk 
instability and collapse.
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RLVR summary

RLVR is a valuable tool for training models to reason via 
exploration, but it comes with unique algorithmic and 
infrastructural challenges.
• Rollout length: strains memory, latency, and throughput
• Verification: balance quality with efficiency
• Learnability: too easy or too hard problems have no 

training signal
• On/off-policy: balance stability with efficiency 
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Section summary

We explored different ways to get LLMs to reason.

CoT Prompting
• Training-free
• Limited by pretrained abilities
SFT
• Train on strong model outputs
• Needs richer datasets and limited improvement
RLVR
• Model greatly enhances reasoning with exploration
• Computationally demanding
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Parallel Scaling

36



Inference scaling axes

We’ve talked a lot about CoTs, but it is only one axis of test-
time scaling.

Sequential scaling (longer CoTs)

37

Prompt Parallel scaling



Pass@k metrics

Multiple ways to evaluate a set of responses to a prompt.

Pass@k (i.e., coverage) is the probability that at least one 
of the k responses is correct.
• This measures whether a problem is within a model’s 

capabilities.
• Special case: Pass@1 is accuracy

38

1
2
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Pass@1: 50%

Pass@4: 75%



Independent sampling

Simplest parallel scaling mechanism is to let the LLM 
make multiple independent attempts to a prompt.

The probability of a correct answer being generated can be 
close to 1 with more samples.

39
(Brown et al., 2024)



Decomposition

Teach a model to break down a task into parallel subtasks 
and merge their outputs.

40

User: Draft travel plans from 
NYC to Amsterdam in August.

Find flights Find hotels Find attractions

Parse Website 1 Parse Website 2

Response



Something in between: interdependence

We can also share latent information between rollouts at 
regular generation intervals, so useful information does 
not need to be generated from scratch every time.

41

. . .

(Dong et al., 2026b)



Interdependence on math

Interdependent sampling treats a batch of reasoning 
rollouts as a continuous unit for increased information 
flow and performance.

42
(Dong et al., 2026b)



Getting one output

For parallel methods that generate multiple responses, 
there are several ways to produce one final response.

• Self-consistency: Majority voting.
• Only useful if we can assign a discrete label to outputs.

• Best-of-N: Reward model extracts the best response.
• Dependent on reward model performance.

• Merge: A model synthesizes all responses into one.
• Concatenation can result in very long sequences.
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Parallel scaling summary

Parallel scaling offers another axis to improve reasoning.

44

Independence

• Simple but no information flow across threads
Info derived here is inaccessible there

Decomposition

Interdependence

• Information flow between threads

• Information flow between threads



Inference and Deployment
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The case for efficient inference

46



Inference challenges

Inference is inefficient for many reasons.
• Sequential generation of tokens.

• Leads to increased latency for longer generations.

• High memory costs from key-value (KV) caching.
• Memory for KV caching can easily exceed the model size with 

long sequences and large batch sizes.

• Memory bound
• Intermediate features and operations are dwarfed by model 

weights and KV cache.
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Efficient inference

Many relevant LLM generation efficiency works before 
reasoning models:
• Architecture: model adjustments for scalable behavior.
• Key-value (KV) caching: dynamic memory reduction for 

long sequences and high throughput.
• Pruning/quantization: model compression for low-

memory/latency.

48
(Gu and Dao, 2024) (Dong et al., 2024a) (Lin et al., 2023)



Architecture

Architectural changes address efficiency at the source, but 
require retraining and often new training infrastructure.

49

Recent models deviate significantly from the original transformer.

(Kimi Team et al., 2026)

Feedforward

Attention

Residuals



KV caching

The KV cache stores intermediate attention features to 
accelerate inference at the cost of growing memory 
consumption.

Long sequences make KV caches prohibitively large.
• Many KV caching algorithms have been developed before 

reasoning models

50

Prefill Generation



Model compression

The model itself comes with a large memory cost.
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Pruning Quantization Mixture of Experts



Inference for reasoning

LLMs are thinking longer, tasks are getting more complex…

Reasoning LLMs strain inference bottlenecks due to long 
generations.

52
(Bai et al., 2025)



Reasoning is brittle

While performant on language tasks, many of inference 
methods break down when carried over to CoT/reasoning 
due to error accumulation!

Reasoning-aware inference acceleration can be effective.
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Adaptive pruning methods

Low-rank reasoning recovery
(Dong et al., 2024b)
(Lee et al., 2024)
(Dong et al., 2026a)

Math Language



Reasoning is very brittle

Mismatches in inference outputs can even occur 
organically from mathematically equivalent setups.
• Ex: numerical precision, GPU counts, associativity axiom
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Standard Deviation of Accuracy with Greedy Decoding

High variance even with “deterministic” generation!

(Yuan et al., 2025)



Harness

At deployment, you are likely not directly interacting with 
the raw LLM.

The harness is the infrastructure that chooses what to 
show, store, and retrieve information for the model without 
training the model.
• Formatting
• Retrieval-augmented generation (RAG)
• Edit/addition/deletion protocol
• Compaction
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Benefits of harness

56

The harness alone can dramatically affect performance!

(Bigio and Sanders, 2026)



Context management

Reasoning models synthesize and generate many tokens. 
For many reasoning benchmarks:

But in realistic multi-turn settings:

Training longer context models only provides temporary 
relief and is not sustainable.
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Reasoning 1 Reasoning 2 Tool 2Reasoning 3Input 2 Reas–  



Compaction

Summarization: a model summarizes the history into 
fewer tokens.

Window: keep only the most recent history.

Offload: store the chunks of the history into fetch-able 
artifacts.
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Inference and deployment summary

A reasoning model needs to easy to use!

Inference
• Long generations of reasoning models accentuate 

existing inefficiencies of inference.
• Reasoning aware methods can help.

Deployment
• Harness engineering can play a big role in efficiency and 

performance.
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What’s Next
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Why is reasoning possible?
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Training

Data

Modeling

Inference

Transformer

Attention

GRPO

Distillation

Efficiency

Engines

Curriculum Learning

Curation

Progress along any of these directions 
directly helps LLMs reason better.

Reasoning
Models



Actually evaluating reasoning

RLVR and many benchmarks primarily care about the final 
answer.
• Possible for the model to stumble upon the right answer 

despite errors or undesirable behavior.

How can we systematically and reliably check reasoning 
quality beyond the final answer?

How can we evaluate the safety of these trajectories?

62

???



Latent reasoning

Reasoning currently takes the form of CoT discrete tokens.
• Good for human interpretability but is it artificially 

constraining for models?

63
(Hao et al., 2025)



Information flow

We saw earlier that interdependent parallel sampling 
improves information flow across rollouts.

The transformer architecture also has inefficiencies in 
information utilization.
• Looped transformers and full-bandwidth transformers.

64
(Wang et al., 2026)



Application: agents

Let the model reason and perform actions.
• Calculator: no more mental math
• Internet access: look up esoteric/recent information
• Code environment: simplify redundant tasks

How can we…
• Integrate multimodal inputs
• Train orchestrators
• Create multi-agent collaboration/negotiation
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Application: AI for science

So much progress in language, math, and coding…
…perhaps it’s time to think about scientific domains?

But scientific domains pose unique challenges
• Data scarcity
• Hard to verify
• Scalability
• Domain expertise and constraints
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Training pipeline revisited

We have only touched upon a sliver of LLM development.
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Initialized 
Model

Base 
Model

Instruct 
Model

Reasoning 
Model

Served 
Model

What data should we 
be (de-)emphasizing?

How do we mix in 
reasoning data earlier?

Test-time training?

What characteristics should we 
look for beyond metrics?



Summary

We explored the mechanisms and intracacies of training 
and inference with reasoning models.
• Training with SFT and RL
• Parallel scaling
• Inference challenges

These tools allow AI models to tackle increasingly 
challenging problems.

But there’s still much more to do!
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